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REMARKS ON TORIC MANIFOLDS WHOSE CHERN CHARACTERS
ARE POSITIVE
HIROSHI SATO AND YUSUKE SUYAMA
Abstract. We show that the second Chern character of any projective toric manifold
of Picard number three is not ample. In connection with this result, we give various
examples of the positivity of higher Chern characters of projective toric manifolds.
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1. Introduction
For a smooth projective variety X over an algebraically closed field and a positive integer
k, the k-th Chern character chk(X) is said to be ample (resp. nef) if the intersection number
(chk(X) · V ) is positive (resp. non-negative) for any k-dimensional closed subvariety V of
X . A variety with ch1(X) ample is nothing but a Fano variety. Fano varieties with ch2(X)
nef are called 2-Fano manifolds and they are first studied by de Jong–Starr [JS] in order to
investigate the existence of rational surfaces on a Fano variety. Fano d-folds with ch2(X)
ample and index ≥ d− 2 are classified in [AC].
In this paper, we focus on the toric case. A toric manifold is a smooth complete toric
variety. For d ≥ 2, the d-dimensional projective space Pd is a toric manifold and one can
easily see that the second Chern character ch2(P
d) is ample. On the other hand, we do not
know toric manifolds whose second Chern character is ample other than projective spaces
at the present moment. Therefore, we study projective toric manifolds of Picard number
three in order to find a new example of such toric manifolds. However, on the contrary,
we show the following:
Theorem 1.1 (Theorem 3.6). The second Chern character of any projective toric manifold
of Picard number three which does not have a Fano contraction is not nef.
Moreover, by combining Theorem 1.1 with the known result in [S2] (see Theorem 2.6),
we obtain the following:
Corollary 1.2 (Corollary 3.7). Let X be a smooth projective toric d-fold of Picard number
at most three. If the second Chern character ch2(X) of X is ample, then X is isomorphic
to the d-dimensional projective space Pd.
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Also, we deal with the positivity of higher Chern characters of projective toric manifolds.
In contrast to the second Chern character, we show that there exists a projective toric
manifold with chk(X) ample other than the projective space for each k ≥ 3. We also give
some phenomena which do not appear in the case of the positivity of the second Chern
character.
This paper is organized as follows: In Section 2, we collect basic results in the toric
geometry. We define the positivity of Chern characters for a projective toric manifold.
Section 3 is devoted to the calculation of intersection numbers on projective toric manifolds
of Picard number three which admit no Fano contraction. As a result, we can show that
the second Chern characters of such manifolds are not nef. In Section 4, we introduce
various phenomena about the positivity of higher Chern characters.
Acknowledgments. The authors would like to thank Professor Osamu Fujino for his
supports. The first author was partially supported by JSPS KAKENHI Grant Number
JP18K03262. The second author was partially supported by JSPS KAKENHI Grant
Number JP18J00022.
2. Preliminaries
In this section, we introduce the fundamental notation and concepts in the toric geom-
etry. For details, please see [CLS], [F] and [O] for the toric geometry. Also see [FS], [M]
and [R] for the toric Mori theory. We will work over an algebraically closed field K = K.
Let N := Zd, M := HomZ(N,Z), NR := N ⊗Z R and MR := M ⊗Z R. Cone(S) stands
for the cone generated by S ⊂ NR. For a fan Σ in N , we denote by X = XΣ the toric
d-fold associated to Σ. We denote by T = TN the algebraic torus for N . For a smooth
complete fan Σ, put
G(Σ) := {the primitive generators of 1-dimensional cones in Σ} ⊂ N.
For a cone σ ∈ Σ, we put G(σ) := σ ∩ G(Σ), that is, the set of primitive generators of
σ. For any x ∈ G(Σ), there is the corresponding torus invariant divisor Dx on X . It is
well-known that there exists the following isomorphism of abelian groups:
A1(X) ∼=

(ax)x∈G(Σ) ∈ ZG(Σ)
∣∣∣∣∣∣
∑
x∈G(Σ)
axx = 0

 ,
where A1(X) is the group of numerical 1-cycles on X . Thus, we can regard a linear relation
among elements in G(Σ) as a numerical 1-cycle on X . For a (d−1)-dimensional cone τ ∈ Σ,
there exists a linear relation
y1 + y2 + a1x1 + · · ·+ ad−1xd−1 = 0,
where G(τ) = {x1, . . . , xd−1}, a1, . . . , ad−1 ∈ Z and for {y1, y2} ⊂ G(Σ), G(τ) ∪ {y1} and
G(τ) ∪ {y2} generate maximal cones in Σ. This linear relation corresponds to the torus
invariant curve Cτ associated to τ . We remark that
2 + a1 + · · ·+ ad−1 = (−KX · Cτ ).
The following relation is convenient to describe a complete smooth fan:
Definition 2.1 ([B1, Definitions 2.6, 2.7 and 2.8]). Let X = XΣ be a toric manifold. We
call a nonempty subset P ⊂ G(Σ) a primitive collection in Σ if P does not generate a cone
in Σ, while any proper subset of P generates a cone in Σ.
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For a primitive collection P = {x1, . . . , xr}, there exists the unique cone σ(P ) ∈ Σ such
that x1 + · · · + xr is contained in the relative interior of σ(P ). Put G(σ) = {y1, . . . , ys}.
Then, we have a linear relation
x1 + · · ·+ xr = a1y1 + · · ·+ asys (a1, . . . , as ∈ Z>0).
We call this relation the primitive relation of P . Thus, by the above argument, we obtain
the numerical 1-cycle r(P ) ∈ A1(X) for any primitive collection P ⊂ G(Σ). We remark
that
r − (a1 + · · ·+ as) = (−KX · r(P )) .
We can characterize toric Fano manifolds using the notion of primitive relations as
follows:
Theorem 2.2 ([B2, Proposition 2.3.6]). Let X = XΣ be a toric manifold. Then X is Fano
if and only if (−KX · r(P )) > 0 for any primitive collection P in Σ.
In this paper, we study the positivity of the k-th Chern character chk(X) for a smooth
projective toric d-fold X = XΣ. Let D1, . . . , Dn be the torus invariant prime divisors on
X . Then, chk(X) is described as
chk(X) =
1
k!
(
Dk1 + · · ·+D
k
n
)
.
We define the positivity (resp. non-negativity) of chk(X) as follows:
Definition 2.3. Let X be a smooth projective algebraic variety of dimX = d. For
1 ≤ k ≤ d, we say chk(X) is ample (resp. nef) if (chk(X) · Y ) > 0 (resp. ≥ 0) for any
closed k-dimensional subvariety Y ⊂ X . When chk(X) is ample (resp. nef), we say X is
chk-ample (resp. chk-nef).
For a smooth projective toric d-fold X = XΣ, it is sufficient to check (chk(X) · Y ) > 0
(resp. ≥ 0) for any torus invariant subvariety Y ⊂ X in Definition 2.3 by the following
proposition. The proof is completely similar to the one for [O, Proposition 2.26] in the
Japanese version. We describe a sketch of the proof for the reader’s convenience.
Proposition 2.4. Let X = XΣ be a toric manifold of dimX = d and 1 ≤ k ≤ d. For
any k-dimensional irreducible closed subvariety Y ⊂ X, there exist torus invariant k-
dimensional irreducible closed subvarieties Y1, . . . , Yl such that Y is numerically equivalent
to
a1Y1 + · · ·+ alYl
for positive integers a1, . . . , al.
Sketch of the proof. Let V(σ) be the smallest torus invariant irreducible closed subvariety
associated to a cone σ ∈ Σ which contains Y . Obviously, dim σ ≤ d − k. So, there exists
a (d − k)-dimensional cone τ ∈ Σ such that σ is a face of τ . For n ∈ (Relint(τ)) ∩ N ,
where Relint(τ) stands for the relative interior of τ , let γn : K
× → T be the corresponding
one-parameter subgroup. For a morphism
Φ : V(σ)×K× → V(σ)×K×,
∈ ∈
(u, λ) 7→ (γn(λ)u, λ)
let Z := Φ (Y ×K×) be the closure of Φ (Y ×K×) in V(σ) × K and pr2 : Z → K the
second projection. Then, there exist (d − k)-dimensional cones τ1, . . . , τl which contain σ
as a face such that
pr−12 (1) = Y, while pr
−1
2 (0) = V(τ1) ∪ · · · ∪ V(τl)
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as sets, where V(τ1), . . . ,V(τl) are the torus invariant irreducible closed subvarieties asso-
ciated to τ1, . . . , τl, respectively (see [CLS, Proposition 3.2.2] and [O, Proposition 1.6 (v)]).
Therefore, Y is rationally equivalent to
a1V(τ1) + · · ·+ alV(τl)
for positive integers a1, . . . , al. In particular, they are numerically equivalent. 
Remark 2.5. When k = 1, we have ch1(X) = c1(X) = −KX . So, a ch1-ample (resp.
ch1-nef) toric manifold is nothing but a toric Fano (resp. weak Fano) manifold.
It is not difficult to see that the d-dimensional projective space Pd is chk-ample for
1 ≤ k ≤ d. Moreover, for k = 2, the following holds:
Theorem 2.6 ([S2, Theorem 1.3]). Let X = XΣ be a smooth projective toric d-fold. If
X = XΣ is ch2-ample and X has a Fano contraction, then X ∼= P
d. In particular, if
ρ(X) = 2, then X is not ch2-ample.
3. Toric manifolds of Picard number 3
In this section, we determine whether a projective toric manifold X of ρ(X) = 3 is
ch2-ample or not. By Theorem 2.6, we may assume X has no Fano contraction. We use
the notation of [B1] throughout this section:
Theorem 3.1 ([B1, Theorem 6.6]). Let X = XΣ be a projective toric manifold of Picard
number 3. If X has no Fano contraction, then the fan Σ is explicitly described as follows:
Let
G(Σ) = {v1, . . . , vp0 , y1, . . . , yp1, z1, . . . , zp2, t1, . . . , tp3, u1, . . . , up4},
where p0, p1, p2, p3, p4 are positive integers and p0 + p1 + p2 + p3 + p4 − 3 = d := dimX.
Then, the primitive relations of Σ are
v1 + · · ·+ vp0 + y1 + · · ·+ yp1 = c2z2 + · · ·+ cp2zp2 + (b1 + 1)t1 + · · ·+ (bp3 + 1)tp3,
y1 + · · ·+ yp1 + z1 + · · ·+ zp2 = u1 + · · ·+ up4,
z1 + · · ·+ zp2 + t1 + · · ·+ tp3 = 0,
t1 + · · ·+ tp3 + u1 + · · ·+ up4 = y1 + · · ·+ yp1 and
u1 + · · ·+ up4 + v1 + · · ·+ vp0 = c2z2 + · · ·+ cp2zp2 + b1t1 + · · ·+ bp3tp3
for b1, . . . , bp3 , c2, . . . , cp2 ∈ Z≥0.
We may assume c2 = min{c2, . . . , cp2} and b1 = min{b1, . . . , bp3}.
Let
V1, . . . , Vp0, Y1, . . . , Yp1, Z1, . . . , Zp2, T1, . . . , Tp3, U1, . . . , Up4
be the torus invariant divisors in Pic(X) associated to
v1, . . . , vp0, y1, . . . , yp1, z1, . . . , zp2, t1, . . . , tp3, u1, . . . , up4,
respectively. By calculating the rational functions for the dual basis of G(Σ) \ {v1, z1, u1},
we have the relations
V2 − V1 = 0, . . . , Vp0 − V1 = 0,
Y1 + U1 − V1 = 0, . . . , Yp1 + U1 − V1 = 0,
Z2 − Z1 + c2V1 = 0, . . . , Zp2 − Z1 + cp2V1 = 0,
T1 − Z1 − U1 + (b1 + 1)V1 = 0, . . . , Tp3 − Z1 − U1 + (bp3 + 1)V1 = 0,
U2 − U1 = 0, . . . , Up4 − U1 = 0
in Pic(X). In particular, we obtain
V1 = · · · = Vp0, Y1 = · · · = Yp1, U1 = · · · = Up4 , Ti = T1 + (b1 − bi)V1 (2 ≤ i ≤ p3).
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On the other hand, the primitive collections of Σ tell us that
V1 · · ·Vp0 · Y1 · · ·Yp1 = 0, Y1 · · ·Yp1 · Z1 · · ·Zp2 = 0, Z1 · · ·Zp2 · T1 · · ·Tp3 = 0,
T1 · · ·Tp3 · U1 · · ·Up4 = 0 and U1 · · ·Up4 · V1 · · ·Vp0 = 0.
Finally, we should remark that
2ch2(X) = V
2
1 + · · ·+V
2
p0
+Y 21 + · · ·+Y
2
p1
+Z21 + · · ·+Z
2
p2
+T 21 + · · ·+T
2
p3
+U21 + · · ·+U
2
p4
for our calculation below.
First of all, we calculate (ch2(X) · S1) for the torus invariant subsurface S1 associated
to the (d − 2)-dimensional cone τ ∈ Σ such that G(τ) = G(Σ) \ {v1, y1, z1, t1, u1}. In this
case, ρ(S1) = 3. Since
S1 = V2 · · ·Vp0 · Y2 · · ·Yp1 · Z2 · · ·Zp2 · T2 · · ·Tp3 · U2 · · ·Vp4,
we have
V1 · Y1 · S1 = Y1 · Z1 · S1 = Z1 · T1 · S1 = T1 · U1 · S1 = U1 · V1 · S1 = 0.
We can calculate the intersection numbers as follows:
(V 21 · S1) = (V1 · (Y1 + U1) · S1) = 0,
(Y 21 · S1) = (Y1 · (V1 − U1) · S1) = −1,
(U21 · S1) = (U1 · (V1 − Y1) · S1) = −1,
(Z21 · S1) = (Z1 · (T1 − U1 + (b1 + 1)V1) · S1) = −1 + b1 + 1 = b1,
(Z22 ·S1) = ((Z1 − c2V1) · (Z1 − c2V1) · S1) = (Z
2
1 ·S1)−2c2(Z1 ·V1·S1)+c
2
2(V
2
1 ·S1) = b1−2c2,
...
(Z2p2 · S1) = b1 − 2cp2,
(T 21 · S1) = (T1 · (Z1 + U1 − (b1 + 1)V1) · S1) = −(b1 + 1),
(T 22 · S1) = ((T1 + (b1 − b2)V1) · (Z1 + U1 − (b2 + 1)V1) · S1)
= (T1 · (−(b2 + 1)V1) · S1) + ((b1 − b2)V1 · Z1 · S1) + ((b1 − b2)V1 · (−(b2 + 1)V1) · S1)
= −(b2 + 1) + (b1 − b2) = b1 − 2b2 − 1,
...
(T 2p3 · S1) = −(bp3 + 1) + (b1 − bp3) = b1 − 2bp3 − 1.
Therefore,
2(ch2(X) · S1) = −p1 − p4 + b1p2 − 2(c2 + · · ·+ cp2)
− (b1 + 1) + (b1 − b2 − (b2 + 1)) + · · ·+ (b1 − bp3 − (bp3 + 1)).
So, we have the following:
Lemma 3.2. If ch2(X) is nef, then b1 ≥ 1 and p2 > p3. In particular, p2 ≥ 2.
Proof. By the above calculation,
2(ch2(X) · S1) ≤ −p1 − p4 + b1p2 − (b1 + 1)p3 = −p1 − p3 − p4 + b1(p2 − p3).
Thus, b1 and p2 − p3 have to be positive. 
Next, we treat the case where the Picard number of the torus invariant subsurface
S = Sτ ⊂ XΣ associated to a (d − 2)-dimensional cone τ ∈ Σ is two. In this case, we can
apply the following result:
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Proposition 3.3 ([S1, Theorem 3.5 and Proposition 4.4]). Let X = XΣ be a projective
toric manifold and S = Sτ the torus invariant subsurface associated to a (d−2)-dimensional
cone τ ∈ Σ in X such that ρ(S) = 2. In this case, S is isomorphic to the Hirzebruch surface
Fα of degree α ≥ 0. Let G(τ) = {x1, . . . , xd−2}. We have exactly 4 maximal cones
Cone(G(τ) ∪ {w1, w2}), Cone(G(τ) ∪ {w2, w3}),
Cone(G(τ) ∪ {w3, w4}) and Cone(G(τ) ∪ {w4, w1})
which contain τ for w1, w2, w3, w4 ∈ G(Σ) such that
w1 + w3 + a1x1 + · · ·+ ad−2xd−2 = 0 and w2 + w4 − αw1 + e1x1 + · · ·+ ed−2xd−2 = 0.
Then,
(ch2(X) · S) =
1
2
(
α(2 + a21 + · · ·+ a
2
d−2) + 2(−α + a1e1 + · · ·+ ad−2ed−2)
)
.
We calculate the intersection number (ch2(X) · S) for two cases: (1) G(τ) = G(Σ) \
{v1, z1, z2, t1, t2} and (2) G(τ) = G(Σ) \ {v1, y1, z1, z2, u1}.
(1) G(τ) = G(Σ) \ {v1, z1, z2, t1, t2}. We have two linear relations
z1 + z2 + z3 + · · ·+ zp2 + y1 + · · ·+ yp1 − (u1 + · · ·+ up4) = 0 and
t1 + t2 + t3 + · · ·+ tp3 + u1 + · · ·+ up4 − (y1 + · · ·+ yp1) = 0
for Cone(G(τ)∪{t1}) and Cone(G(τ)∪{z1}), respectively. One can easily see that
S ∼= P1 × P1, and we obtain
2(ch2(X) · S) = 2(−p1 − p4) < 0
by Proposition 3.3. So, we have the following by Lemma 3.2:
Lemma 3.4. If ch2(X) is nef, then p3 = 1.
Proof. If p2 ≥ 2 and p3 ≥ 2, then (ch2(X) · S) < 0. Lemma 3.2 says that p2 ≥ 2.
So, we have p3 = 1. 
Therefore, we may assume p3 = 1 in the following calculation.
(2) G(τ) = G(Σ) \ {v1, y1, z1, z2, u1}. First, we remark that this subsurface always ex-
ists by Lemma 3.2. We have two linear relations
z1 + z2 + · · ·+ zp2 + t1 = 0 and
v1 + y1 + v2 + · · ·+ vp0 + y2 + · · ·+ yp1 − (c2z2 + · · ·+ cp2zp2 + (b1 + 1)t1) = 0
for Cone(G(τ)∪{v1}) and Cone(G(τ)∪{z2}), respectively. One can easily see that
S ∼= Fc2, and we obtain
2(ch2(X) · S) = c2(p2 + 1) + 2(−(c2 + · · ·+ cp2 + b1 + 1))
by Proposition 3.3. If p2 ≥ 3, we have
2(ch2(X) · S) = c2 + (c2 − c2) + · · ·+ (c2 − cp2) + c2 − (c2 + · · ·+ cp2)− 2(b1 + 1) < 0.
Thus, we obtain the following lemma (see Lemma 3.2):
Lemma 3.5. If ch2(X) is nef, then p2 = 2 and c2 − 2(b1 + 1) ≥ 0.
Thus, we conclude the following:
Theorem 3.6. Let X be a projective toric manifold. If ρ(X) = 3 and X has no Fano
contraction, then ch2(X) is not nef.
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Proof. Suppose that ch2(X) is nef. Then, we may assume that p2 = 2, p3 = 1, b1 ≥ 1 and
c2 − 2(b1 + 1) ≥ 0 by Lemmas 3.2, 3.4 and 3.5. However, the last inequality obviously
contradicts the another inequality
2(ch2(X) · S1) = −p1 − p4 + 2b1 − 2c2 − (b1 + 1) ≥ 0
⇐⇒ b1 ≥ 2c2 + p1 + p4 + 1.
Thus, ch2(X) is not nef. 
By combining Theorems 2.6 and 3.6, we have the following:
Corollary 3.7. If X = XΣ is a ch2-ample smooth projective toric d-fold and ρ(X) ≤ 3,
then X ∼= Pd.
4. Positivities of higher Chern characters
In this section we study toric manifolds X with chk(X) nef for k ≥ 3. In the case d = k,
it is not difficult to construct toric d-folds X with chd(X) ample.
Example 4.1. Let d ≥ 3 and a ≥ 1. Let X = XΣ be a toric manifold of ρ(X) = 2 such
that G(Σ) = {x1, x2, x3, y1, . . . , yd−1} and the primitive relations of Σ are
x1 + x2 + x3 = ay1 and y1 + · · ·+ yd−1 = 0.
Then X is isomorphic to the Pd−2-bundle
PP2
(
O(a)⊕O⊕d−2
)
over P2. We denote by D1, D2, D3, E1, . . . , Ed−1 the torus invariant divisors in Pic(X)
associated to x1, x2, x3, y1, . . . , yd−1, respectively. Then we have the relations
D1 = D2 = D3 and aD3 + E1 = E2 = · · · = Ed−1
in Pic(X). We can calculate the intersection numbers as follows:
Dd1 = D
d
2 = D
d
3 = 0,
Ed1 = E
2
1(E2 − aD3)
d−2
= E21
(
Ed−22 − a(d− 2)D3 · E
d−3
2 + a
2 (d− 2)(d− 3)
2
D23 · E
d−4
2
)
= E21 · E2 · · ·Ed−1 − a(d− 2)D3 · E
2
1 · E2 · · ·Ed−2
+ a2
(d− 2)(d− 3)
2
D2 ·D3 · E
2
1 · E2 · · ·Ed−3
= 0− a(d− 2) · (−a) + a2
(d− 2)(d− 3)
2
= a2(d− 2) + a2
(d− 2)(d− 3)
2
> 0,
Ed2 = · · · = E
d
d−1 = (aD3 + E1) · E2 · E3 · · ·E
2
d−1 = aD3 ·E2 · E3 · · ·E
2
d−1 = a · a = a
2 > 0.
Thus, chd(X) is ample. Note that X is Fano if a ≤ 2 (this follows from Theorem 2.2).
Next we consider the case d > k. For odd k, there is a toric d-fold X with chk(X) ample.
However, our example does not provide an example of a toric manifold with chk(X) ample
for even k.
Proposition 4.2. Let d > k ≥ 3 and a ≥ 1 with d − ak ≥ 1. Let X = XΣ be a toric
manifold of ρ(X) = 2 such that G(Σ) = {x1, . . . , xd, y1, y2} and the primitive relations of
Σ are
x1 + · · ·+ xd = ay1 and y1 + y2 = 0.
Then the following hold:
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(1) If k is odd, then chk(X) is ample.
(2) If k is even, then chk(X) is nef, but not ample.
Remark 4.3. In Proposition 4.2, X is isomorphic to the P1-bundle PPd−1(O(a)⊕O) over
P
d−1, and it is Fano by Theorem 2.2.
Proof of Proposition 4.2. We denote by D1, . . . , Dd, E1, E2 the torus invariant divisors in
Pic(X) associated to x1, . . . , xd, y1, y2, respectively. Then we have the relations
D1 = · · · = Dd and aDd + E1 = E2
in Pic(X). Put τ1 (resp. τ2) as the (d − k)-dimensional cone in Σ whose generators are
x1, . . . , xd−k (resp. x1, . . . , xd−k−1, y1). We denote by Vi the k-dimensional torus invariant
closed subvariety of X associated to τi for i = 1, 2. It follows from Proposition 2.4 and the
relations in Pic(X) that chk(X) is ample (resp. nef) if and only if (chk(X) · Vi) is positive
(resp. non-negative) for each i = 1, 2. Since
Dk1 ·D1 · · ·Dd−k = D
k
2 ·D1 · · ·Dd−k = · · · = D
k
d ·D1 · · ·Dd−k = 0,
Ek1 ·D1 · · ·Dd−k = D1 · · ·Dd−k · (E2 − aDd)
k−2 · E21 = D1 · · ·Dd−k · (−aDd)
k−2 ·E21
= (−a)k−2D1 · · ·Dd−2 · E
2
1 = (−a)
k−1,
Ek2 ·D1 · · ·Dd−k = D1 · · ·Dd−k · (aDd + E1)
k−2 · E22 = D1 · · ·Dd−k · (aDd)
k−2 · E22
= ak−2D1 · · ·Dd−2 · E
2
2 = a
k−1,
we have
(chk(X) · V1) =
{
2ak−1 (k is odd),
0 (k is even).
Since
Dk1 ·D1 · · ·Dd−k−1 · E1 = D
k
2 ·D1 · · ·Dd−k−1 · E1 = · · · = D
k
d ·D1 · · ·Dd−k−1 · E1 = 1,
Ek1 ·D1 · · ·Dd−k−1 · E1 = D1 · · ·Dd−k−1 · (E2 − aDd)
k−1 · E21
= (−a)k−1D1 · · ·Dd−2 ·E
2
1 = (−a)
k,
Ek2 ·D1 · · ·Dd−k−1 · E1 = 0,
we have
(chk(X) · V2) =
{
d− ak (k is odd),
d+ ak (k is even).
Thus, chk(X) is nef for any k ≥ 3, and it is ample if and only if k is odd. 
At present, the only known examples of toric d-folds with ch4(X) ample for d ≥ 5 are
projective spaces. Finally, we prove the following theorem:
Theorem 4.4. Any smooth complete toric d-fold X of ρ(X) = 2 with d ≥ 5 is not ch4-
ample.
Proof. Any toric manifold of Picard number two is a projective space bundle over a pro-
jective space. Let s− 1 be the dimension of a fiber. If s = 2, then ch4(X) is not ample by
Proposition 4.2. Thus, it suffices to prove the assertion in the case s ≥ 3.
(1) The case where s = 3. Let X = XΣ be a toric manifold of ρ(X) = 2 such that
G(Σ) = {x1, . . . , xd−1, y1, y2, y3} and the primitive relations of Σ are
x1 + · · ·+ xd−1 = a1y1 + a2y2 and y1 + y2 + y3 = 0,
where a1 ≥ a2 ≥ 0. Then X is the P
2-bundle PPd−2(O(a1) ⊕ O(a2) ⊕ O) over P
d−2. We
denote by D1, . . . , Dd−1, E1, E2, E3 the torus invariant divisors in Pic(X) associated to
x1, . . . , xd−1, y1, y2, y3, respectively. Then we have the relations
D1 = · · · = Dd−1 and aiDd−1 + Ei − E3 = 0
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for i = 1, 2 in Pic(X). Put τ as the (d − 4)-dimensional cone in Σ whose generators are
x1, . . . , xd−5, y1. We denote by V the 4-dimensional torus invariant closed subvariety of
X associated to τ . We show (ch4(X) · V ) ≤ 0. Since D
4
i · D1 · · ·Dd−5 · E1 = 0 for every
i = 1, . . . , d− 1, E42 · D1 · · ·Dd−5 · E1 = −a
3
2 and E
4
3 · D1 · · ·Dd−5 · E1 = a
3
2, it suffices to
show E41 ·D1 · · ·Dd−5 · E1 ≤ 0. We calculate the intersection number as follows:
E41 ·D1 · · ·Dd−5 · E1
= D1 · · ·Dd−5 ·E
3
1 · (E2 − (a1 − a2)Dd−1) · (E3 − a1Dd−1)
= D1 · · ·Dd−5 ·E
3
1 · (−a1Dd−1 · E2 − (a1 − a2)Dd−1 ·E3 + a1(a1 − a2)D
2
d−1)
= D1 · · ·Dd−5 ·E
3
1 · (−a1Dd−1 · E2 − (a1 − a2)Dd−1 · (a2Dd−1 + E2) + a1(a1 − a2)D
2
d−1)
= D1 · · ·Dd−5 ·E
3
1 · ((a2 − 2a1)Dd−1 · E2 + (a1 − a2)
2D2d−1)
= D1 · · ·Dd−5 ·E
2
1 · (E3 − a1Dd−1) · ((a2 − 2a1)Dd−1 · E2 + (a1 − a2)
2D2d−1)
= (a1 − a2)
2D1 · · ·Dd−3 · E
2
1 · E3 − a1(a2 − 2a1)D1 · · ·Dd−3 ·E
2
1 · E2
− a1(a1 − a2)
2D1 · · ·Dd−2 · E
2
1
= −(a1 − a2)
3 + a21(a2 − 2a1)− a1(a1 − a2)
2 ≤ 0.
Thus, (ch4(X) · V ) ≤ 0.
(2) The case where s ≥ 4. Let X = XΣ be a toric manifold of ρ(X) = 2 such that
G(Σ) = {x1, . . . , xd−s+2, y1, . . . , ys} and the primitive relations of Σ are
x1 + · · ·+ xd−s+2 = a1y1 + · · ·+ as−1ys−1 and y1 + · · ·+ ys = 0,
where a1 ≥ · · · ≥ as−1 ≥ 0. Then X is the P
s−1-bundle PPd−s+1(O(a1)⊕· · ·⊕O(as−1)⊕O)
over Pd−s+1. We denote byD1, . . . , Dd−s+2, E1, . . . , Es the torus invariant divisors in Pic(X)
associated to x1, . . . , xd−s+2, y1, . . . , ys, respectively. Then we have the relations
D1 = · · · = Dd−s+2 and aiDd−s+2 + Ei −Es = 0
for i = 1, . . . , s−1 in Pic(X). Put τ as the (d−4)-dimensional cone in Σ whose generators
are x1, . . . , xd−s, y1, . . . , ys−4. We denote by V the 4-dimensional torus invariant closed
subvariety of X associated to τ . We show (ch4(X) · V ) ≤ 0. For every i = 1, . . . , d− s+2,
we have D4i ·D1 · · ·Dd−s · E1 · · ·Es−4 = 0. We calculate
E41 ·D1 · · ·Dd−s · E1 · · ·Es−4
= D1 · · ·Dd−s · E
2
1 · E2 · · ·Es−4 · (Es−3 + (as−3 − a1)Dd−s+2)
· (Es−2 + (as−2 − a1)Dd−s+2) · (Es−1 + (as−1 − a1)Dd−s+2)
= D1 · · ·Dd−s · E
2
1 · E2 · · ·Es−4 · (Es−3 ·Es−2 · Es−1 + (as−3 − a1)Dd−s+2 ·Es−2 · Es−1
+ (as−2 − a1)Dd−s+2 ·Es−3 · Es−1 + (as−1 − a1)Dd−s+2 ·Es−3 · Es−2)
= −a1 + (as−3 − a1) + (as−2 − a1) + (as−1 − a1) ≤ 0.
Similarly,
E4i ·D1 · · ·Dd−s ·E1 · · ·Es−4 = −ai + (as−3 − ai) + (as−2 − ai) + (as−1 − ai) ≤ 0
for every i = 2, . . . , s− 4. Hence it suffices to show
(E4s−3 + E
4
s−2 + E
4
s−1 + E
4
s ) ·D1 · · ·Dd−s · E1 · · ·Es−4 ≤ 0.
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We calculate
E4s−3 ·D1 · · ·Dd−s · E1 · · ·Es−4
= D1 · · ·Dd−s · E1 · · ·Es−4 · E
2
s−3
· (Es−2 + (as−2 − as−3)Dd−s+2) · (Es−1 + (as−1 − as−3)Dd−s+2)
= D1 · · ·Dd−s · E1 · · ·Es−4 · E
2
s−3
· (Es−2 · Es−1 + (as−2 − as−3)Dd−s+2 · Es−1 + (as−1 − as−3)Dd−s+2 · Es−2)
= −as−3 + (as−2 − as−3) + (as−1 − as−3)
= (as−3 + as−2 + as−1)− 4as−3.
Similarly,
E4s−2 ·D1 · · ·Dd−s · E1 · · ·Es−4 = (as−3 + as−2 + as−1)− 4as−2,
E4s−1 ·D1 · · ·Dd−s · E1 · · ·Es−4 = (as−3 + as−2 + as−1)− 4as−1.
Furthermore, we calculate
E4s ·D1 · · ·Dd−s · E1 · · ·Es−4
= D1 · · ·Dd−s · E1 · · ·Es−4 · E
2
s · (Es−2 + as−2Dd−s+2) · (Es−1 + as−1Dd−s+2)
= D1 · · ·Dd−s · E1 · · ·Es−4 · E
2
s · (Es−2 ·Es−1 + as−2Dd−s+2 · Es−1 + as−1Dd−s+2 · Es−2)
= as−3 + as−2 + as−1.
Hence we have
(E4s−3 + E
4
s−2 + E
4
s−1 + E
4
s ) ·D1 · · ·Dd−s ·E1 · · ·Es−4
= 4(as−3 + as−2 + as−1)− 4as−3 − 4as−2 − 4as−1 = 0.
Thus, (ch4(X) · V ) ≤ 0.
In every case, ch4(X) is not ample. 
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